Abstract-A realistic model of ground soil is developed for the electromagnetic simulation of Ground Penetrating Radar (GPR) systems. A three dimensional Finite Difference Time Domain (FDTD) algorithm is formulated to model dispersive media using N -term Debye permittivity function with static conductivity. The formulation of the algorithm is based on the concept of the Piecewise Linear Recursive Convolution (PLRC) in order to simulate the dispersion properties of soil as a two-term Debye medium. This approach of ground modeling enhances the accuracy and reliability of results obtained for GPR problems. The developed algorithm is validated when simulating practical GPR Systems used to detect different objects buried in Puerto-Rico and San Antonio clay loams. The proposed algorithm is employed to compare the impact of using two-term Debye model to simulate real soil on the coupling coefficient between transmitting and receiving antennas due to the absence and presence of buried targets to that of using non-dispersive soil model. The effect of soil moisture content on the performance of GPR system in detecting buried objects such as metallic and plastic pipes is investigated.
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INTRODUCTION
Recently, there have beem considerable efforts devoted to compute propagation through linear dispersive media using FDTD method because the standard FDTD scheme introduced by Yee [1] is typically implemented with constant values of permittivity and conductivity which is serious limitation. Using the standard FDTD version is only valid for narrow frequency band applications, but cannot be used for those employ materials with significant frequency dependence constitutive parameters. A wide variety of media in nature such as water, soil, human tissues and plasma have frequency dependent properties when it interacts with electromagnetic waves. However, many papers in the literature [2] [3] [4] [5] use the original FDTD algorithm for solving electromagnetic waves interaction with such materials regardless of its dispersive nature in GPR frequency range. In consequence, the obtained results are not accurate as they should be. Seriously, using such unspecialized method in biomedical applications such as hyperthermia or cancer detection may give false results which could be hazardous when it is related with urgent medical decision. Therefore, many approaches have been conducted to modify existing FDTD algorithm to take into consideration the frequency-dependence properties of dispersive media [6] . The Z-transform is applied by Sullivan in [7] to Maxwell equations to develop a formulation suitable for dispersive media. An alternative approach involving the addition of an auxiliary difference equation (ADE) that relates the electric flux density to the electric field intensity to the FDTD is presented in [8] [9] [10] . Other technique called the Recursive convolution (RC) was developed in [11, 12] .This method was the most efficient method in terms of saving computer time and storage. The principle of RC technique is the recursive evaluation of the discrete convolution resulting from the Fourier transform of two frequency-dependent functions (E(ω) and ε(ω)). Two improvements were developed in [13] to meet the requirements of transient electromagnetic propagation computation in plasma including dealing with frequencies where plasma permittivity is negative. It was also used to simulate hyperthermia treatment with a broad band applicator presented in [14] . The disadvantage of this method is the inaccuracy of obtained results compared with results from the previous two approaches. Later, greater accuracy was achieved by a modified version of the RC technique called the Piecewise Linear Recursive Convolution (PLRC) technique [15] . The main difference between these two techniques(RC and PLRC) is that the former assumes a constant electric field over each time step while the later assumes that the electric field has a piecewise linear function dependence over (∆t) as will be shown later in this section.
The PLRC method in [15] is used in this paper to solve Maxwell's equation in linear dispersive media (Ground soil) described by Debye model with static conductivity in a simple GPR problem. Noteworthy that the PLRC method described in [15] was developed for single Debye and Lorentz pole type linear media that, a oneterm Debye relaxation equation is often not enough and multi-term Debye relaxation equations must therefore be used to describe the dispersion characteristics of ground soil [16] . Therefore, efforts have been dedicated to incorporate soil dispersion of multiterm Lorentz or Debye models into the FDTD scheme [17] . This is done in [18] using PLRC based on the split field form of Maxwell's equations. Moreover the ADE method is used in [20] to model soils for real GPR environment.
In this paper, the PLRC method is extended for N -term Debye media to introduce the use of two-term Debye model for more realistic simulation of real ground soil. This modification is derived in the similar way described in [12] for the formulation of the RC-method for N -order Lorentz media but using the principles of the PLRC for N -term Debye media instead of that of the original RC method. This choice is based on the accuracy provided by the PLRC method that rival that of ADE and Z-transform approaches and retain the efficiency of RC method in saving computer time and storage requirements.
FORMULATION OF THE FDTD UPDATE EQUATIONS
Starting with Maxwell's equations in time domain:
Recalling the relationship between D and E in the frequency domain
and ε o is the permittivity of free space, χ(ω) is the Fourier transform of the electric susceptibility χ(τ ) and ε ∞ is the infinite frequency permittivity. By substituting from (4) into (3) and taking the inverse Fourier transform for the resulting equation, we find
The convolution appearing in (5) results from taking the inverse Fourier transform of the product χ(ω)E(ω). Equation (5) can be rewritten as
Equation (6) can be rewritten in a discrete-time form as follows
where t is an incremental time step and n is the discrete time index. For PLRC, the electric field is assumed to have a piecewise linear dependence over ∆t [15] as follows
Using the piecewise linear relation (8) for the electric field and substituting into (7), one gets
Substituting by (9) into (7)
where,
Utilizing Ampere's law in discrete-time form and making use of (10), one can get the following update equation for the electric field.
Now, the general form of the FDTD electric field update equation in linear dispersive medium becomes
The convolution summation in (14) for a complex permittivity with a N -pole Debye model could be evaluated recursively. This is possible since the time-domain susceptibility function χ(τ ) is an exponential function of time (for each pole) as proved in [11] [12] [13] . The summation in (14) is called the recursive accumulator ψ n
The recursion relation for the quantity ψ n can be derived for Debye media and has the form
where ψ n p is the recursive accumulator of the pth pole. As shown in the next section, the constants ∆χ o p , ∆ξ o p and C rec depend on the susceptibility function of the dispersive model used to describe the frequency dependence of the dispersive medium (as Debye, Drude or Lorentz media). With substituting by the recursive accumulator ψ n into (14) , the final form of the electric field update equation becomes
Recursive Convolution for N -term Debye Media
Debye media are characterized by a susceptibility or, equivalently, permittivity Function that has one or more real poles at separate frequencies. The susceptibility function of N -term Debye media is given by
+. . . (20) where A p is the pole amplitude and τ p is the relaxation time of the pth pole.
In order to describe practically the dispersion in real ground soil, the frequency dependence of practical soil requires higher order Debye model. In the present study the dispersive ground properties are considered to follow the two-term Debye media as it is the best real implementation of practical ground soil [16] .
For a Debye medium with N -natural frequencies, the inverse Fourier transform of the complex susceptibility function in (20) can be written as
Substituting from (21) into (11) and (12) yields
At m = 0, the parameters χ o and ξ o required in the electric field update Equation (19) are the summation of χ o p and ξ o p for all poles as shown in Equations (24) and (25).
Substituting from (22) and (23) into (15) and (16) , respectively, at m = 0 for each pole, one obtains
Using the relations (26) and (27) and manipulating the resulting equations as outlined in [11] , the recursion relation for ψ n for the pth pole is
For Equation (28), all the quantities are real-valued. The recursive accumulator in the electric field update Equation (19) is the summation of the recursive accumulators of all poles
As mentioned above, the dispersive properties of the soil used in this paper is described by the two-term Debye model, thus we can evaluate the parameters used in (19) for electric field computation as follows
∆χ o 1 , ∆ξ o 1 and ∆χ o 2 , ∆ξ o 2 are used to get ψ n 1 and ψ n 2 , respectively, using (28) and the total recursive accumulator can be evaluated as
Regarding the incorporation of this method into the original FDTD algorithm, the algorithm is programmed in the following order. At each time step, the electric field from the previous time step E n is stored in a temporary variable, and the electric field is updated using (19) . The recursive accumulator for the next time step n + 1 is computed for each pole via (28) using E n+1 and E n . Then the total recursive accumulator needed for the electric field update Equation (19) is computed using (32). The value of the recursive accumulator is zero at n = 0. Noteworthy, the FDTD update equations for the magnetic field remain unchanged from those normally used in [17] .
NUMERICAL RESULTS
The PLRC method which has been modified as described above to deal with N -order Debye media is applied here to detect the existence of variety of targets buried in different types of dispersive soils. Before applying the modified PLRC method to solve such GPR problems, it is first examined by solving a problem of evaluating the electric field inside a half-space dispersive medium due to a radiating dipole located in the free space region above this medium. To get the result of this examination significant we consider the same problem solved in [18] using the PML-PLRC-FDTD (Perfectly matched layer-PLRC-FDTD)approach based on the split form of Maxwell's equations and compare the results. The electric field is plotted at a point inside a medium with dispersive properties described by a two-term Debye model in a half-space problem. The radiating antenna is a y-directed infinitesimal electric dipole and the interface plane between the halfspace medium and the free space region is the zx plane. The antenna is excited with the first derivative of Blackmann-Harris pulse shown in Figure 1 and given by the following equation [19] f (t) = 2 * 10
where Ex at a point inside dispersive media By PLRC presented in this Paper By paper [18] volt Time step (N) Figure 2 . E x at a point inside the dispersive half-space in example 1 using the formulation developed in this paper compared with the solution of [18] . Table 1 . Two-term Debye model parameters for Puerto Rico-type clay loams [18] . Rico clay loams with 5% moisture content [18] as given in Table 1 . The antenna is located at (25 × 35 × 25)∆ (assuming the origin of the grid at lower left corner). The x-component of the electric field (E x ) at a point inside the dispersive soil computed by the modified approach presented in this paper is plotted in Figure 2 in comparison with that of [18] . It is noticeable that both results are in a very good agreement.
The dispersive model presented in this paper is employed in some cases of buried object detection where the soil has two-term Debye model. The computation domain in the first case is discretized as N x × N y × N z = 80 × 100 × 70 grid and is divided into two parts the upper part is the free-space including the GPR system and the lower part is the ground soil including the buried object. The space increment is ∆ = 0.752 cm, the time increment is ∆t = 14.472 ps and the Courant stability factor is set to S = 1. The run time takes 4000 time steps to ensure reaching the steady state condition. An 8-cell UPML (Uniaxial Perfectly Matched Layer) is used to terminate the simulation domain. The part of the UPML interfacing the free-space region has a relative permittivity of unity, whereas the part of the UPML interfacing the soil region has a relative permittivity equal to the infinite-frequency permittivity ε ∞ of the dispersive model of the soil. The GPR antenna is composed of two half-wavelength dipoles; one is used as a transmitting antenna and the other as a receiving antenna. Both the transmitting and receiving dipoles are located just above the ground surface and directed parallel to x-axis. The dipoles are separated with a metallic wall of one-cell thickness modeled as a PEC (perfect electric conductor) extending between the two PML boundaries in the x-direction and from the PML limit to the surface of the ground in the z-direction. This wall is used to eliminate the direct coupling between the transmitting and receiving dipoles and to reduce the possibility of improper detection of buried target. Figure 3 shows the geometry of the system used in this example.
The transmitting dipole is fed with the differential Gaussian pulse shown in Figure 4 and of the form:
where, V o = 5 × 10 −6 V is a parameter proportional to the pulse amplitude, t o = 2.96 ns is the instant of time at the center of the pulse and T = 300 ps is proportional to the pulse width. The choice of these parameters results in the signal spectrum shown in Figure 5 , which is obtained by the discrete Fourier transform. The dipoles are of length 28.85 cm which is equivalent to the halfwavelength at the central frequency of the excitation pulse (520 MHz). Both the transmitting and receiving dipoles are located just above the ground surface. The buried target is a Plexiglas block with relative electric permittivity ε r = 2.6 and dimensions of (30.08 × 49.63 × 6.77) cm 3 . The block is buried in the Puerto-Rico type clay loams at 15 cm below earth surface. The model parameters for the simulation with dispersion are taken from Table 1 for the Puerto-Rico clay loams with 10% moisture content. The constitutive parameters of the simulation without dispersion are taken for the relative permittivity to be ε r = ε ∞ = 6.0 [13] and for the electric conductivity to be σ = 2.0 mS/m. The detection of block existence is determined by the difference in the transmission coefficient S 21 (expressed in dB) as in Equation (35) Comparisons between the values of the received signals in the cases of the presence and absence of a buried target and, also, in the cases of employing dispersive and non-dispersive models of the ground soil are shown in Figures 6 and 7 . It is noticed that the received signal is increased due to the presence of the buried target. The reason behind this is that the transmitted wave is guided by the block which occupies a considerable volume of the ground region. As clear from Figure 6 , curves representing the received voltage in the case of the presence of the block in both cases of employing the dispersive and non-dispersive model of soil are approximately coincide. This is because the buried block occupies a reasonable volume of the ground region. The field calculation in this region is performed using the standard scheme of the FDTD since the block is considered nondispersive. Figure 8 shows the variation of the coupling parameter S 21 defined by (35) in the same cases. As clear from Figure 8 , there is a significant increase in the values of S 21 due to the presence of the buried block for both cases of dispersive and non-dispersive of soils. Considering the effect of employing the dispersive model for the ground soil instead of the non-dispersive model on the obtained results, we notice that, at low frequencies (up to 200 MHz) there is no noticeable differences between the values obtained for S 21 in the two cases. This is because electrical permittivity and conductivity of the ground are approximately constant and frequency independent in the low frequency range. On the other hand, the higher frequency range shows that more deviation of the obtained results in the case of a dispersive soil model from that of the non-dispersive one due to the stronger dependence of the dispersive model parameters on the frequency in this range. The electromagnetic fields are computed using the ordinary update equations that do not include a dispersive model for the soil, where Figures 9 and 10 show some time-domain snap-shots for the electric field intensity distributions around the dipoles, and in the ground soil during the process of block detection. Figures 11 and  12 show the corresponding snap-shots when a dispersive soil model is employed. By comparing the field distributions shown in Figures 9  and 11 to those of Figures 10 and 12 respectively, it is noticed that the wave fronts of the field at the region of the ground at the block position when it is present, are different from those in an empty soil. This is attributed to that the permittivity of the target is lower than that of the ground which leads to larger distances between the wave fronts inside the block region when it is present.
The next case of buried target detection to be studied is to show the impact of the soil moisture content on the performance of the same GPR system utilized in the last case. The simulation parameters and system dimensions are kept the same as those in the last case except for the moisture content percentage of the Puerto-Rico type clay loams. Three different percentages of soil moisture are used (2.5%, 5%, and 10%) with the same plexi-glass block buried at the same depth. Electric field intensity distribution in Puerto-Rico clay soil (using dispersive model) and around the antennas of the GPR system in the presence of a buried block.
In the time domain, Figure 13 shows the received signal voltage at the receiving dipole in the cases of the absence and the presence of the buried block. The amplitude of the received voltage increases due to waves' reflection from the buried block. This is also shown in Figure 14 when the received voltage is Fourier transformed in the frequency band (500-1100 MHz). Figure 15 shows a plot of the coupling coefficient in the case of a plexi-glass block buried in the Puerto Rico clay soil with 2.5% moisture content compared with that in the case when the soil is empty. It is clear that the difference in the S 21 due to the existence of the block is a few decibels over the frequency band (500-1100 MHz). This difference is relatively small and may not be enough to give a clear detection of the block. This small difference in S 21 may be attributed to the low contrast between the soil and the buried block at this moisture content (ε ∞ = 3.2 for the soil versus 2.6 for the block) as listed in Table 1 . Figures 16, 17 and 18 show that increasing the moisture content of the soil to 5% leads to a significant increase in the received signal as well as the coupling coefficient compared to the results obtained when the moisture content of soil is 2.5%. Figure 18 shows that the difference in coupling coefficient is enhanced to be within the range (10-25) dB over the frequency band (450-1100) MHz which increases the possibility of detecting the buried. Figures 16 and 17 Figure 13 . The received signal level with time when the GPR system is located above the dispersive Puerto-Rico type clay soil with 2.5% moisture content in the presence and absence of the plexiglass block. Figure 14 . FFT of the received signal when the GPR system is located above the dispersive Puerto-Rico type clay soil with 2.5% moisture content in the presence and absence of the plexiglass block. Figure 15 . S 21 when the GPR system is located above the dispersive Puerto-Rico type clay soil with 2.5% moisture content in the presence and absence of the plexi-glass block. Signal Level Figure 17 .
FFT of the received signal when the GPR system is located above the dispersive Puerto-Rico type clay soil with 5% moisture content in the presence and absence of the plexiglass block. Figure 18 . S 21 when the GPR system is located above the dispersive Puerto-Rico type clay soil with 5% moisture content in the presence and absence of the plexi-glass block. to the presence of block is nearly four times the received signal level in the case of an empty soil. When the moisture percentage is raised to 10% in the Puerto-Rico type clay soil, the ability of block detection increases in comparison to the previous cases of soils with 2.5% and 5% moisture contents. In the time domain, it is noticeable from Figures 19 and 20 that the amplitude of received signal level in the presence of the buried block is about eleven times more than that in the absence of the target. As appearing in Figure 21 , the presence of the buried block leads to increase the value of S 21 by about 10 dB over the frequency range (380-450 MHz) and by more than 25 dB over almost all the higher frequencies in operating band. This can be attributed to the high contrast between the permittivity of soil with 10% moisture and that of the buried block (6 versus 2.6).
The third case to be investigated demonstrates the effect of the soil properties on the GPR system capability of detection of buried pipes. Two types of soils are considered: Puerto-Rico clay soil and San Antonio clay soil with 10% moisture content, where the soil properties are shown in Tables 1 and 2 , respectively. The same GPR system described in the last case is employed here with some modifications related to the wall thickness and the distances between the wall and the dipoles as shown in Figure 22 . The space domain is divided as 77 × 73 × 120 grid with a space increment of ∆ = 0.752 cm and time increment of ∆t = 14.472 ps. The run time takes 3000 time steps to ensure reaching the steady state condition. The study involves the detection of solid metallic as well as plastic pipes buried in both types of the soil. The pipe diameter is 18.8 cm and it is placed so that the pipe axis is parallel to that of the dipole antenna and extends between the two PML internal sides parallel the x-axis to simulate a very long pipe with respect to the GPR antenna dimensions. Furthermore, the cross section of the pipe is modeled in the FDTD algorithm using the staircase approximation. The pipe is buried at a depth of 20.3 cm below the ground surface. The pipe is located right under the metallic wall separation between the transmitting and receiving dipoles as shown in Figure 22 . S 21 when the GPR system is located above San Antonio clay soil with 10% moisture content in the presence and absence of a metallic pipe. Figure 23 shows the transmission coefficient S 21 for the detection of a metallic pipe (modeled as PEC) buried in a Puerto-Rico clay soil. It is clear that the buried pipe can be detected over the frequency band (450-1100 MHz) where coupling coefficient S 21 increases by about 15 dB due to the existence of the pipe. On the other side, when the same metallic pipe is buried at the same depth in San Antonio soil, the presence of the buried pipe leads an increase of about 10 dB in S 21 over the same frequency band as shown in Figure 24 . The increase of soil conductivity in the case of San Antonio clay soil contributes to the electromagnetic wave absorption and hence, which leads to decrease the strength of the received signal. As demonstrated in Figures 25 and  26 , the amplitude of the received signal level in the case of San Antonio clay soil is significantly smaller than that in the case of Puerto-Rico clay soil.
The next case to be treated is to investigate the GPR target performance when the metallic pipe, considered in the last case is replaced by a solid plastic pipe with a relative permittivity of 2.0. Figures 27 and 28 show the coupling coefficient in the case of the absence and presence of the pipe when the GPR system is placed over Puerto-Rico soil and San Antonio soil, respectively. Although the ability of detection of the plastic pipe is weak in both soils due to the poor reflective nature of dielectrics, the difference in the coupling coefficient due to the presence of pipe in Puerto-Rico soil is bigger than that in San Antonio soil. This is due to the higher conductivity of San Antonio soil over that of Puerto-Rico soils at the same moisture of either the metallic pipe (where the tangential electric field is zero at its surface) or the plastic pipe (since the relative permittivity of the plastic pipe is much different from that of the surrounding soil). Other snapshots are taken for the San Antonio clay soil during the detection of the metallic and plastic pipes as those shown in Figures 32, 34 , and 36. It is noticeable that the wave fronts of the wave in the San Antonio soil and at the pipe position are different from those appearing in Puerto-Rico soil because of the difference in the electrical properties between the two types of soil.
CONCLUSION
The incorporation of media dispersion into the ordinary FDTD algorithm is conducted in this paper in order to get more realistic modeling of practical soils. Three dimension PLRC-FDTD algorithm is formulated to model the dispersive soil characteristics as a two-term Debye medium. The validity of such an algorithm is proven by the comparison of the obtained results with other published ones. This algorithm is employed for the simulation of a simple GPR system for the detection of different objects (plexi-glass block, metallic and plastic pipes) buried in different types of dispersive soils with practical parameters. The effect of the soil moisture content on its properties and hence on the capability of a GPR system to detect buried targets is studied. It is demonstrated that the higher contrast between the object and soil permittivity results in better capability of GPR systems to detect the buried target. Finally, the GPR system performance to detect the pipes buried in two different types of soil (Puerto-Rico and San Antonio) is studied. It is shown that as the soil permittivity and conductivity are increased the buried target detection becomes more difficult for GPR systems.
